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DYNAMICS OF COMPOSITIONS OF LOTKA–VOLTERRA OPERATORS FOR SOME
PARTIALLY ORIENTED GRAPHS IN A THREE-DIMENSIONAL SIMPLEX
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Abstract: This article studies the dynamics of compositions of Lotka–Volterra operators for
some partially directed graphs in a three-dimensional simplex. The study analyzes the stability of
population interaction models for different graph structures and their spatial dynamic properties.
Using nonlinear differential equations, limit states and equilibrium points of iterative processes
for Lotka–Volterra systems are determined, and types of asymptotic behavior between them are
described. The role of operator compositions in relation to invariant sets and their importance as
mathematical models are also shown. The results obtained serve to better understand the
evolutionary stability of population systems and the influence of graph structure on their
dynamics.
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Introduction. Let we have a simplex of three dimensions
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S x x x x x x x R

=

= = =

and given quadratic operators of Lotka-Volterra type
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: 1 , : 1 , 1,
m m

k k ki i k k ki i
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V x x a x and V x x b x k m
= =

= + = + = (1)

on this simplex [1].

Definition 1 [1]. ( )( ) ( )( )1 2 1 2V V x V V x=o or ( )( ) ( )( )2 1 2 1V V x V V x=o a complex

operator satisfying the equalities 1V and 2V is called a composition of operators.

Statement 1 [2]. According to (1), the composition of the operators 1V and 2V can be expressed
in the form

( )( )1 2 1 2 1 1: 1 , ,..., , ,..., , 1, (2)k k k k k mW V V x x f x x x x x k m- += = + =o

Definition 2[1]. A point x satisfying the equality ( )W x x= is called a fixed point of W the

operator and ( ) ( ){ }1 :mFix W x S W x x-= = is defined as.

Definition 3[3]. A fixed point x is called an attractor if the trajectories of all sufficiently
close points converge to this point. More precisely, if there is 0e > a sufficiently small number
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of such 0e > points, such that the equality ( )lim k

k
W y x

®
= holds for all y points in its

vicinity e , then this point is called an attractor.

Definition 4 [3]. . If the trajectories of all sufficiently close points diverge from this point, then
x a fixed point is called a repeller. More precisely, if there is a sufficiently small number 0e >
such that the relation ( )lim k

k
W y x

®
holds for all y points around this e , then this point is

called a repeller.

Undirected, partially directed graphs and tournaments in 3S are given in

Figure 1.
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Figure 1. Partially directed graphs and tournaments in 3S .

Definition 5. The following matrix

( )
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¶ ¶ ¶
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¶ ¶ ¶
¶ ¶ ¶=

¶ ¶ ¶
¶ ¶ ¶

(3)

consisting of the particular derivatives of a quadratic operator of Lotka–Volterra type is called
the Jacobi matrix [4].

Main results. Let that we are given the compositions of the Lotka–Volterra quadratic operators
and their compositions corresponding to partially directed graphs (Figure 1) in 3S .
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( )

( )

1 1 12 2 13 3 14 4 1 1 12 2 13 3 14 4

2 2 12 1 2 2 12 1
1 2

3 3 13 1 3 3 13 1

4 4 14 1 4 4 14 1

1 ; 1 ;

1 ; 1 ;
: : 4

1 ; 1 ;

1 ; 1 .

x x a x a x a x x x b x b x b x

x x a x x x b x
V V

x x a x x x b x

x x a x x x b x

= + + + = - - -

= - = +

= - = +

= - = +
Partially directed graphs corresponding to these operators are shown in Figure 2.

Figure 2. Partially directed graphs corresponding to operators 1 2V and V

The composition of these operators looks like this:
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( ) ( )(
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1 2 2 2 12 1 12 1 12 2 13 3 14 4

3 3 13 1 13 1 12 2 13 3 14 4

4 4 14 1 14 1 12 2 13 3 14 4

1 1 1

1 1 ;

: 1 1 1 ;

1 1 1 ;
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x x b x b x b x a x b x

a x b x a x b x

V V x x b x a x b x b x b x

x x b x a x b x b x b x

x x b x a x b x b x b x

= - - - + + +

+ + + +

= + - - - -

= + - - - -

= + - - - -

o ( )5

Lemma 1. The following statements hold for the operator 1 2V Vo .

I) The vertices of the simplex I, P, H, and D, the points on the edges , ,IP IH IDG G G , and the
fixed points of the composite operator PHDG are all fixed points;

II) All vertices of the operator 1 2V Vo are attractor points;

III) The fixed points on the edges of the operator 1 2V Vo are saddle points.

Proof. By the definition of a fixed point, the solutions to equality Vx x= represent the fixed
points of the operator.

( ) ( )(
( ) ( ) )
( ) ( )( )
( ) ( )( )
( ) ( )( )

1 1 12 2 13 3 14 4 12 2 12 1

13 3 13 1 14 4 14 1
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1 1 1 ;

1 1 1 ;

1.

x x b x b x b x a x b x

a x b x a x b x

x x b x a x b x b x b x

x x b x a x b x b x b x

x x b x a x b x b x b x

x x x x

= - - - + + +

+ + + +

= + - - - -

= + - - - -

= + - - - -

+ + + =

( )6

The solution of the system of equations represents the fixed points of the given operator. The
solution of equation (3.1.3) is equal to the vertices of the simplex ( )1;0;0;0 ,I ( )0;1;0;0 ,P

( )0;0;1;0 ,H ( )0;0;0;1D and

( ) ( )2 2
12 12 12 12 12 12 12 12 12 12

1
12 12 12 12

2 4 2 4
; ;0;0 ,

2 2
b a a b b b a a b b

O
b a b a

- + + + - +

( ) ( )2 2
13 13 13 13 13 13 13 13 13 13

2
13 13 13 13

2 4 2 4
;0; ;0 ,

2 2
b a a b b b a a b b

O
b a b a

- + + + - +
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( ) ( )2 2
14 14 14 14 14 14 14 14 14 14

3
14 14 14 14

2 4 2 4
;0;0; ,

2 2
b a a b b b a a b b

O
b a b a

- + + + - +

( )4 2 3 2 30; ; ;1 .O x x x x- -

points, representing the points corresponding to the , ,IP IH IDG G G edges and PHDG sides of the
simplex. The elements of the Jacobi matrix of this operator are:

( ) ( ) ( ) ( )( )1
12 2 13 3 14 4 12 2 12 1 13 3 13 1 14 4 14 1

1

= 1 1 1 1 1 +x b x b x b x a x b x a x b x a x b x
x
¶

- - - + + + + + +
¶

( )( )1 12 2 13 3 14 4 12 12 2 13 13 3 14 14 41 ;x b x b x b x a b x a b x a b x+ - - - + +

( ) ( ) ( )( )1
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2
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x
¶

- + + + + + + +
¶
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( )4
14 13 1 4 14 1

3

1 ;x a b x x b x
x
¶

= +
¶

( ) ( )( ) ( )4
14 1 14 1 12 2 13 3 14 4 14 14 1 4 14 1

4

1 1 1 1 .x b x a x b x b x b x a b x x b x
x
¶

= + - - - - + +
¶

The elements of the Jacobian matrix for the simplex vertices are given in Table 1.

Table 1 - Elements of the Jacobian matrix for simplex vertices

I P H D

1

1

x
x
¶
¶ 1 ( )( )12 121 1b a- + ( )( )13 131 1b a- + ( )( )14 141 1b a- +

1

2

x
x
¶
¶

( )12 12 121b a b- + + 0 0 0

1

3

x
x
¶
¶

( )13 13 131b a b- + + 0 0 0

1

4

x
x
¶
¶

( )14 14 141b a b- + + 0 0 0

2

1

x
x
¶
¶

0 ( )12 12 121b a b- - 0 0

2

2

x
x
¶
¶

( )( )12 121 1b a+ - 1 1 1

2

3

x
x
¶
¶

0 0 0 0

2

4

x
x
¶
¶ 0 0 0 0

3

1

x
x
¶
¶ 0 0 ( )13 13 131b a b- - 0

3

2

x
x
¶
¶

0 0 0 0

3

3

x
x
¶
¶

( )( )13 131 1b a+ - 1 1 1
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3

4

x
x
¶
¶

0 0 0 0

4

1

x
x
¶
¶ 0 0 0 ( )14 14 141b a b- -

4

2

x
x
¶
¶

0 0 0 0

4

3

x
x
¶
¶ 0 0 0 0

4

4

x
x
¶
¶

( )( )14 141 1b a+ - 1 1 1

Table 2 below lists the eigenvalues of the fixed points I, P, H, and D of the composite operator
1 2V Vo .

Table 2. Eigenvalues of fixed points I, P, H, and D of the composite operator 1 2V Vo .

I P H D

1l 1 1 1 1

2l 12 12 12 121 a b a b- - + 1 1 1

3l 13 13 13 131 a b a b- - + 1 1 1

4l 14 14 14 141 a b a b- - + 12 12 12 121 a b a b- + - 13 13 13 131 a b a b- + - 14 14 14 141 a b a b- + -

According to Table 2, the absolute value of the eigenvalues of the fixed points I, P, H, and D of
the composite operator 1 2V Vo is 1, 1,4i il < = . Therefore, the points I, P, H, and D are
attractor points.

The eigenvalues of a point 1O are as follows:

1 1;l =

( )( ) ( )( )2 13 13 13 13 13 13 13 13 13 13 13 13 13
13 13

11 4 2 3 4 2
4

b a b a b b a b a b a b a
b a

l = - - + - + + + -

( ) ( )( )3 14 14 14 14 142 3
14 14

11 2 4
4

b a b a b
b a

l = - - + +
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( ) ( )( )2 2
14 14 14 14 14 12 12 14 12 14 14 12 14 12 14 14 12 14 12 14 12 12 144 2 ;b a b a a b a b a b a b b a a b a a b b a b b+ - + + + - -

( ) ( )( )4 14 14 14 14 142 3
14 14

12 2 4
4

b a b a b
b a

l = + - + +

The eigenvalues of a point 2O are as follows:

1 1;l =

( )( ) ( )( )2 13 13 13 13 13 13 13 13 13 13 13 13 13
13 13

11 4 2 3 4 2 ;
4

b a b a b b a b a b a b a
b a

l = - - + - + + + -

( ) ( )( )3 13 13 13 13 132 3
13 13

11 2 4
4

b a b a b
b a

l = - - + +

( ) ( )( )2 2
13 13 13 13 13 12 12 13 12 12 13 12 13 12 13 13 12 13 12 13 12 12 134 2 ;b a b a a b a b a b a b b a a b a a b b a b b+ - + + + - -

( )( ) ( )( )13 13 13 13 13 13 13 13 13 13 13 13 13

4
13 13

2 4 2 4
2 ;

4

b a a b a b a b b a b a b

a b
l

- + + - + +
= +

The eigenvalues of a point 3O are as follows:

1 1;l =

( )( ) ( )( )2 14 14 14 14 14 14 14 14 14 14 14 14 14
14 14

11 4 2 3 4 2 ;
4

b a b a b b a b a b a b a
b a

l = - - + - + + + -

( ) ( )( )3 14 14 14 14 142 3
14 14

11 2 4
4

b a b a b
b a

l = - - + +

( ) ( )( )2 2
14 14 14 14 14 12 12 14 12 14 14 12 14 12 14 14 12 14 12 14 12 12 144 2 ;b a b a a b a b a b a b b a a b a a b b a b b+ - + + + - -

( ) ( )( )4 14 14 14 14 142 3
14 14

12 2 4
4

b a b a b
b a

l = + - + +

( ) ( )( )2 2
14 14 14 14 14 12 12 14 12 14 14 12 14 12 14 14 12 14 12 14 12 12 144 2 ;b a b a a b a b a b a b b a a b a a b b a b b+ - + + + - -

the lemma has been proven.

Since the proof of the results resulting from this lemma can be applied to the dynamics of
compositions of quadratic operators of the Lotka–Volterra type corresponding to all 3S partially
oriented graphs and fully oriented tournaments given in Figure 1, we present the remaining
lemmas without proof. Let us first consider the composition of quadratic operators of the Lotka–
Volterra type corresponding to fully oriented tournaments and unoriented graphs. Suppose that
the following operators are given:
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Figure 3. Fully directed tournament and undirected graph

)

( )
( )
( )
( )

) ( )

1 1 12 2 13 3 14 4 1 1

2 2 12 1 23 3 24 4 2 2

3 33 3 13 1 23 2 34 4

4 44 4 14 1 24 2 34 3

1 ; ;
1 ; ;

1 : 5 : 7
;1 ;
.1 ;

x x a x a x a x x x
x x a x a x a x x x

x xx x a x a x a x
x xx x a x a x a x

= - - - =
= + - - =

== + + -
== + + +

The composition of these operators looks like this:

) )

( )
( )
( )
( )

( )

1 1 12 2 13 3 14 4

2 2 12 1 23 3 24 4

3 3 13 1 23 2 34 4

4 4 14 1 24 2 34 3

1 ;

1 ;
1 5 : 8

1 ;

1 ;

x x a x a x a x

x x a x a x a x

x x a x a x a x

x x a x a x a x

= - - -

= + - -

= + + -

= + + +

o

Lemma 2. The following statements hold for the ) )1 5o operators:

i) there are no fixed points other than the simplex vertices I, P, H, and D;

ii) the ) )1 5o operator I vertice is a repeller, the vertices P and H are saddles, and the vertice D
is an attractor;

Figure 4. A fully directed tournament and a graph with one edge directed.
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)

( )
( )
( )
( )

)

( )
( ) ( )

1 1 12 2 13 3 14 4 1 1 12 2

2 2 12 1 23 3 24 4 2 2 12 1

3 3 13 1 23 2 34 4 3 3

4 44 4 14 1 24 2 34 3

1 ; 1 ;
1 ; 1 ;

1 : 6 : 9
1 ; ;

.1 ;

x x a x a x a x x x b x
x x a x a x a x x x b x
x x a x a x a x x x

x xx x a x a x a x

= - - - = +

= + - - = -

= + + - =

== + + +

The composition of these operators looks like this:

) )

( ) ( )( )
( ) ( )( )

( ) ( )( )
( ) ( )( )

( )

1 1 12 2 12 2 12 1 13 3 14 4

2 2 12 1 12 1 12 2 23 3 24 4

3 3 13 1 12 2 23 2 12 1 34 4

4 4 14 1 12 2 24 2 12 1 34 3

1 1 1 ;

1 1 1 ;
1 6 : 10

1 1 1 ;

1 1 1 ;

x x b x a x b x a x a x

x x b x a x b x a x a x

x x a x b x a x b x a x

x x a x b x a x b x a x

= + - - - -

= - + + - -

= + + + - -

= + + + - +

o

Lemma 3. The following statements hold for the ) )1 6o operators:

I) there are fixed points on IPG edges in addition to the simplex vertices I, P, H, and D;

II) the vertices I, P and H of the ) )1 6o operators are saddles and the vertex D is an attractor
point;

III) the fixed point of the ) )1 6o operator on IPG edges is a saddle point.

Figure 5. A fully directed tournament and a graph with two edges directed

)

( )
( )
( )
( )

)

( )
( )

( )

( )

1 1 12 2 13 3 14 4 1 1 12 2 14 4

2 2 12 1 23 3 24 4 2 2 12 1

3 33 3 13 1 23 2 34 4

4 4 14 14 4 14 1 24 2 34 3

1 ; 1 ;
1 ; 1 ;

1 : 7 : 11
;1 ;
1 .1 ;

x x a x a x a x x x b x b x
x x a x a x a x x x b x

x xx x a x a x a x
x x b xx x a x a x a x

= - - - = + +

= + - - = -

== + + -

= -= + + +

The composition of these operators looks like this:
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) )

( ) ( ) ( )( )
( ) ( ) ( )( )

( ) ( ) ( )( )
( ) ( )

1 1 12 2 14 4 12 2 12 1 13 3 14 4 14 1

2 2 12 1 12 1 12 2 14 4 23 3 24 4 14 1

3 3 13 1 12 2 14 4 23 2 12 1 34 4 14 1

4 4 14 1 14 1 12 2 14 4 24

1 1 1 1 ;

1 1 1 1 ;
1 7 :

1 1 1 1 ;

1 1 1

x x b x b x a x b x a x a x b x

x x b x a x b x b x a x a x b x

x x a x b x b x a x b x a x b x

x x b x a x b x b x a

= + + - - - - -

= - + + + - - -

= + + + + - - -

= - + + + +

o

( )( )

( )

2 12 1 34 3

12

1 ;x b x a x- +

Lemma 4. The following statements hold for the operator ) )1 7o :

i) In addition to the simplex vertices I, P, H, and D, there are fixed points on edges IPG and IDG ;

ii) The vertices I, P, and H of the operator ) )1 7o are saddles and the end D is an attractor point;

iii) The fixed points of the operator 122 on edges 45 and 56 are saddles.
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